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We study and present the results of quantum Berezinskii-Kosterlitz-Thouless (BKT) transition for
interacting helical liquid system at the edge of topological insulator. We present results for asymp-
totic freedom for the topological state of the system for finite proximity induced superconducting
gap and also the Ising phase of the system in the presence of magnetic field. However the quantum
phases for the two different asymptotic states for two different quantum BKT transition are different
and there is no transition between them. This is the first study for the asymptotic freedom for the
topological states of quantum matter.
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2I. Introduction
In 1930s the search for new kind of force, other than gravity and electromagnetism, which can bind pro-
tons and neutrons tightly in nuclei, was the major chalange in fundamental physics [1]. Interesting results
came out by the experiment of collision of protons and neutrons resulting in the existance of new parti-
cles. To undertand this in 1960s, Murray Gell-Mann and George Zweig proposed the concept of quarks,
where the quarks with different spatial orbits, or with different spins alignment forms the different energy
configuration [2, 3]. Thus the number of states with different energies, give rise to particles with different
masses. Quarks has got weird property that it was always found in bound states. The search for induvidual
quark was not successfull and it always found in the bound state of quark and an antiquark or the bound
states of three quarks [4–6]. This principle of confinement was contradicted by observing an interesting
fact by the SLAC (Stanford Linear Accelerator) experiment of colliding proton with energetic photons [7].
This resulted in the observation that the quarks were seem to move as free particles instead of radiating
energy, as it is usually the case in QED. To solve this paradox it is important to know how the proper-
ties of particles and its interactions are changed by their interaction with virtual particles of high energy.
It was observed that the properties give rise to the divergent answers. To slove these kind of problems
the renormalization theory was developed [8–10]. Using renormalization theory Feynman, Schwinger, and
Tomonoga wrote down the corrections due to interactions with any finite number of virtual particles in
QED [11–13]. It was extended to wider class of theories by G. ’t Hooft and M. Veltman [14]. But in the
year 1955 , Landau identified a problem that in the presence of arbitrary number of virtual particles a real
particle there will be no interaction due to the screening [15]. This problem was solved by David Gross and
Frank Wilczek [16] and independently by David Politzer in the same year [17], by finding anti-screening
effect or the asymptotic behaviour in nonabelian gauge theories, or Yang-Mills theories [18]. This is the
origin of Quantum Chromodynamics (QCD), which is the quantum field theory of strong interactions.
This theory explains that the coupling constant between two quarks increses as the length scale increases,
and the coupling decreases asymptotically as the length scale decreases, making it asymptotically free theory.
In condensed matter field theory one often encounter the theories with divergences. Renormalization
group technique was used to deal with these divergences and to get finite results for observable physical
quantities occurring in the theory [8]. To simplify the renormalization group analysis, in 1970, Curtis Callan
and Kurt Symanzik derived a differential equation (Callan-Symanzik equation) which determines change in
the n-point correlation functions under variation of the scaling parameter [19, 20]. The running coupling
constant or the correlation function which we encounter in the theories depends on the momentum scale.
This happens in a well-defined way through β function in the Callan-Symanzik equation [21]. The β function
also gives the behaviour of coupling at large momentum to describe the asymptotic freedom in QCD and
small momentum to describe the critical phenomena. Physical systems which do not have natural intrinsic
energy scale will remain nuetral for any variation in the energy scales. This intrinsic energy scale for any
systems is the one which determines wheather the system is in strong or weak interaction. Apart from these
there are systems which posses characteristic energy scale which acts as the separation between strong and
weak interaction regimes which helps one to identify the asymptotic nature of the system. These asymptotic
behavior can be vitnessed in the condensed matter systems such as, Gross-Neveu model of polyacetylene
[22], 2d σ-model [23], Kondo model [24] etc. In all these models one can calculate the Callan-Symanzik
equation and also the β function to know the dependence of correlation function or coupling constant on
the different energy scales. The negetive β function which has been obtained in all these models implies
that at low energy scales the effective coupling is large and system is strongly interacting, at high energy
scales the effective coupling is small making the system asymptotically free [10]. The asymptotic freedom
for topological insulators has not been studied yet, it is an open problem.
Motivation: Length scale dependent study brings out the concept of asymptotic freedom in the RG
flow. We also search the possibility of different qunatum BKT transition for the topological insulator. To
the best of our knowleadge, this is the first study of aysmptotic behavior of topological insulator in the
literature of topological state of matter. Not only this but also the first extensive study of asymptotic
freedom of quantum many-body system.
3II. Model Hamiltonian
We consider the interacting helical liquid system at the edge of a topological insulator as our model system
[25]. These edge states are protected by the symmetries [26]. In this edge states of helical liquid, spin and
momentum are connected as the right movers are associated with the spin up and left movers are with spin
down and vice versa. One can write the total fermionic field of the system as,
ψ(x) = eikF xψR↑ + e−ikF xψL↓,
where ψR↑ and ψL↓ are the field operators corresponding to right moving (spin up) and left moving (spin
down) electron at the both upper and lower edges of the topological insulators.
Here we discuss the basics of this model Hamiltonian very briefly [27, 28]. For the low energy collective
excitation in one dimensional system one can write the Hamiltonian as,
H0 =
∫
dk
2pi
vF [(ψR↑†(i∂x)ψR↑ − ψL↓†(i∂x)ψL↓) + (ψR↓†(i∂x)ψR↓ − ψL↑†(i∂x)ψL↑)], (1)
where the terms in the parenthesis represents Kramer’s pair at both edges of the system.
The Hamiltonian for the non interacting part of the one edge of the helical liquid system is,
H01 = ψL↓†(vF i∂x − µ)ψL↓ + ψR↑†(−vF i∂x − µ)ψR↑. (2)
We consider the topological insulator in the proximity of s-wave superconductor (∆) and the magnetic field
(B). Thus the additional part of the Hamiltonian is given by,
δH = ∆ψL↓ψR↑ +BψL↓†ψR↑ + h.c. (3)
One can find two types of interactions which are allowed by time-reversal in helical liquid system. They are
Forward and Umklapp interactions, given by,
Hfw = g2ψL↓†ψL↓ψR↑†ψR↑. (4)
Hum = guψL↓†∂xψL↓†ψR↑∂xψR↑ + h.c. (5)
Thus we get the total Hamiltonian as, H = H0 +Hfw +Hum + δH. The authors of Ref [27] have mapped
this Hamiltonian to the XYZ spin-chain model(up to a constant) i.e, HXY Z =
∑
iHi, where
Hi =
∑
α
JαSi
αSi+1
α − [µ+B(−1)i]Siz. (6)
This is our model Hamiltonian where, Jx = vF + ∆, Jy = vF −∆ and Jz = gu are coupling constants.
After the continuum field theory [29], one can write the Hamiltonian as,
H =
v
2
[
1
K
((∂xφ)
2
+K(∂xθ)
2
)
]
− (µ
pi
)∂xφ+
B
pi
cos(
√
4piφ)
−∆
pi
cos(
√
4piθ) +
gu
2pi2
cos(4
√
piφ),
(7)
where θ(x) and φ(x) are the dual fields and K is the Luttinger liquid parameter of the system. Before we begin
to discuss the appearance of quantum BKT transition in our system, we discuss briefly why it is necessary
to study the quantum BKT transition. Here we study two different situations for our model Hamiltonian.
(i) the proximity induced superconducting gap term is absent (∆ = 0) and (ii) the applied magnetic field is
absent (B = 0). For both of these cases only sine-Gordon coupling term is present. Therefore, there is no
competition between the two mutually non local perturbation. Therefore one can think that there is no need
to study the RG to extract the quantum phases and phase boundaries. But RG method is adopted for the
following reason. Each of these Hamiltonians consist of two parts. The first one (H01) is the non-interacting
where the φ and θ fields show the quadratic fluctuations and the other part of these Hamiltonians is the
4sine-Gordon coupling terms of either of θ or φ fields. The sine-Gordon coupling term lock the field either
θ or φ in the minima of the potential well. Therefore the system has a competition between the quadratic
part of the Hamiltonian and the sine-Gordon coupling term and this competition will govern the low energy
physics of these Hamiltonians in different limit of the system.
III. Quantum BKT equations
We consider the model Hamiltonian H (Eq.7) with gu = 0 since it has no effect on the topological state and
also on the Ising state of the system [30],
H =
v
2
[
1
K
((∂xφ)
2
+K(∂xθ)
2
)
]
−
(
µ√
pi
)
∂xφ+
B
pi
cos(
√
4piφ)
−∆
pi
cos(
√
4piθ)
(8)
The Hamiltonian under the situation, proximity induced superconducting gap term is absent, i.e, ∆ = 0 we
have,
H1 =
v
2
[
1
K
(∂xφ)
2 +K(∂xθ)
2
]
− ∆
pi
cos(
√
4piθ(x)). (9)
This gives the first set of quantum BKT equation given by,
d∆
dl
=
(
2− 1
K
)
∆,
dK
dl
= ∆2. (10)
Under the situation that the applied magnetic field is absent, i.e, B = 0, the Hamiltonian is,
H2 =
v
2
[
1
K
(∂xφ)
2 +K(∂xθ)
2
]
+
B
pi
cos(
√
4piφ(x)), (11)
which gives another set of quantum BKT equation,
dB
dl
= B(2−K), dK
dl
= −B2K2. (12)
IV. Solution of the RG equations
The model Hamiltonian gives two set of RG equation which yield the quantum BKT equation. Here we
derive analytical solution for these two RG equations by solving them directly. Let us consider the first set
of RG equation,
d∆
dl
= (2− 1
K
)∆, (13)
dK
dl
= ∆2. (14)
We use the above two equation to derive the phase relation between the two parameters ∆ and K.
d∆
dK
=
(
2− 1K
)
∆
∆2
=
(
2− 1K
)
∆
(15)
5On integration, we get C as,
C =
∆2
2
− 2K + lnK (16)
We can calculate C from the initial values ∆0, K0.
∆2
2
=
∆20
2
+ 2(K −K0)− ln
(
K
K0
)
(17)
∆2 = ∆20 + 4(K −K0)− 2 ln
(
K
K0
)
(18)
∆ =
√
∆20 + 4(K −K0)− 2 ln
(
K
K0
)
(19)
In Figure 1, one can observe three regions, region I corresponds weak coupling gapless Luttinger liquid phase.
FIG. 1: The curve is plotted for ∆ with y||. The direction of the arrow indicates the direction of the RG
flow line. Analytical relation of y|| and K is y|| = ( 1K − 2).
Region III, corresponds to strong coupling deep massive phase, away from Gaussian fixed line. Region II is
the crossover from weak coupling to strong coupling phase. In region III, one can observe the asymptotic
nature of the system. In region III flow lines indicate the increase in the lengthscale, one can observe the
coupling constant increases as the lengthscale increases and vice versa. Now let us consider the second set
of RG equation,
dB
dl
= (2−K)B (20)
dK
dl
= − K2B2 , (21)
Now we define a quantity C as,
dB
dK
=
(2−K)B
−K2B2 =
(2−K)
−K2B (22)
6On integration, we get C = B
2
2 − 2K − lnK
We can calculate C from the initial values B0, K0.
B2
2
=
B20
2
+ 2(
1
K
− 1
K0
) + ln
(
K
K0
)
B2 = B20 + 4(
1
K
− 1
K0
) + 2 ln
(
K
K0
)
B =
√
B20 + 4(
1
K
− 1
K0
) + 2 ln
(
K
K0
)
(23)
In Figure 2, region I and III corresponds to Luttinger liquid phase and Ising phase respectively. Region II
corresponds to the crossover from Luttinger to Ising phase. Here Region III is a strong coupling region where
the coupling constant increases as the lengthscale increases and decreases asymptotically as the lengthscale
decreases. Thus the two quantum BKT equations shows asymptotic freedom behavior in the strong coupling
regime.
FIG. 2: The curve is plotted for B with y||. The arrow indicates the direction of the flow. Analytical
relation of y|| and K is y|| = (K − 2).
V. Length Scale Dependent Study of Quantum BKT transition: Evidence of Asymptotic Freedom
Here we present the length scale dependent study to get further insight of RG results and at the same time
to unveil the physics of asymptotic freedom for this model Hamiltonian system. Asymptotic freedom is a
feature of QCD, the quantum field theory of the strong interaction between quarks and gluons [16, 31]. We
would like to explain it explicitly through the β function explanation. This asymptotic freedom is a feature
of all RG flows with a marginally relevant perturbation. This can be written as βg = Cλ
2, where λ is the
coupling constant and C > 0 is a constant. As a result, the effective coupling is weak at short distance
and strong at long distances [9]. We will see in the case of quantum BKT transition, the flow is along
the unstable asymptote of the BKT RG flow. But the behavior of asymptotic freedom for the topological
insulator physics or any branch of quantum many-body system for quantum matter has not been studied
yet in the literature explicitly.
7At the edge of the topological insulator the condition for the appearance of the Majorana edge state for a
system with length L is, L∆v >> 1, where v is the velocity of the collective modes of the system and ∆ is
the superconducting gap [30, 32].
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FIG. 3: This figure consists of two panels (a and b). It shows the variation of ∆ with L for the different
initial values of ∆.
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FIG. 4: This figure consists of two panels (a and b). It shows the variation of B with L for different initial
values of B.
In the Figure 3a, we observe the appearance of Majorana edge state, where the ∆ curves increases very
rapidly with length L. In the Figure 4a the value of B increases with L, this is the Ising phase. In the Figure
3b and 4b, we also observe that the ∆ curves decreases rapidly with length L. So the condition for the
disappearaence of the Majorana modes is L∆v << 1, which shows the system to be in non-topological state
[30], this non-topological state is asymptotically free state. The important deduction from the Figure 3b and
4b is that, as the length L increases, the ∆ curves with constant initial value K(0), grows asymptotically.
A. Length Scale Dependent Study of Quantum BKT Transition for Finite µ
In the figure 5a, we observe that the ∆ curves rapidly goes to zero with the increase in the lengthscale. The
condition for the existance of the Majorana zero modes is L∆v >> 1. It can be noticed in the figure 5a, the
condition is violated since the ∆ curves are going to zero as the length scale is increased for µ = 0 which
clearly says that there is no Majorana zero modes present and system is in the non topological state. In the
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FIG. 5: This figure consists of two panels (a and b). It shows the variation of ∆ with L for the different
initial values of ∆.
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FIG. 6: This figure consists of two panels (a and b). It shows the variation of B with L for different initial
values of B.
figure 5b, the value of µ is finite and for certain initial values of ∆, the curves increases asymptotically as
the lengthscale is increased. The figure 5b satisifies the condition for the existance of Majorana zero modes
which means that the system is in the topological state. Similar but opposite behavior of the RG flow can be
observed in the figure 6a and 6b. For K = 2.5 and µ = 0 in figure 5a, at cretain initial values of B, the curves
goes to zero as the lengthscale is increased which explicitly shows that system is in the non-topological state.
In figure 5b, for K = 0.3 and µ = 0.5, the B curves increases asymptotically for the larger lengthscale.
Conclusion
We have done the detailed study of quantum BKT transition for interacting helical liquid system at the
edge of topological insulator. We have found the presence of asymptotic freedom for the topological state
of the system for finite proximity induced superconducting gap and also the Ising phase of the system in
the presence of magnetic field. We have also studied the length scale behaviour the coupling constant which
reveals the asymptotic behaviour of the system.
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